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RELATIONS BETWEEN TRANSFINITE DIAMETERS ON
AFFINE ALGEBRAIC VARIETIES
JESSE HART
Abstract. Given a compact set K one may define a transfinite diameter for
K via a limiting process involving maximising a Vandermonde determinant
over K with respect to a monomial basis. Different transfinite diameters may
be obtained by using different polynomial bases in the Vandermonde deter-
minant calculation. We show that if these bases are sufficiently similar that
the transfinite diameter of K is unchanged. Utilising this result we show that
the transfinite diameters defined by Cox-Ma‘u and Berman-Boucksom for al-
gebraic varieties are equal.
1. Introduction
The transfinite diameter of a compact set K is an interesting constant within
pluripotential theory due to the fact that it is related to other seemingly unrelated
constants such as Chebyshev constants and logarithmic capacity. In C these re-
lationships have been well understood for some time while it wasn’t until Rumely
[13] and Berman-Boucksom [1–3] that these relationships were well understood in
C
M . Essential to the definition of a transfinite diameter is the evaluation of a Van-
dermonde determinant with respect to some polynomial basis. In CM this basis is
taken to be the monomial basis while in the setting of a complex manifold Berman-
Boucksom chose a µ-orthonormal basis where µ is a probability measure.
Studying transfinite diameters in the setting of an algebraic variety V is in some
sense a midway point between CM and a complex manifold. The variety inherits
enough structure from CM in order to show convergence of the transfinite diameter
limit in an analogous way, but can also be viewed as a complex manifold (possibly
with singularities) so one could use a complex geometric approach to show conver-
gence. Both these approaches have been studied, the former by Cox-Ma‘u [4, 10]
and the latter by Berman-Boucksom [1, 2]. While these transfinite diameters are
defined in similar ways the precise relationship between the two approaches has not
yet been clarified.
This paper establishes that with an appropriate probability measure these ap-
proaches yield the same transfinite diameter under mild geometric hypothesis. The
first step towards showing this is establishing a general technical theorem relating
transfinite diameters defined by bases which are sufficiently similar, which we call
compliant bases (Definition 3.5).
Theorem 1.1 (Theorem 3.11). Let V be an affine algebraic variety of pure dimen-
sion M , K ⊂ V a compact set, and suppose that B and C are compliant graded
bases for C[V ]. If the limit
log dB(K) = lim
k→∞
1
lk
log ‖V DM [Bk]‖L∞(K)
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exists, then
log dC(K) = lim
k→∞
1
lk
log ‖V DM [Ck]‖L∞(K)
exists. Moreover, dB(K) = dC(K).
Equipped with this result we show the desired equality of approaches by showing
that the basis used in each approach is compliant with the usual monomial basis the
algebraic variety. For the Cox-ma‘u approach this is done in Proposition 4.3 while
the Berman-Boucksom approach is done in Proposition 4.7 where the ‘appropriate’
probability measure is ν = (ddcVTV )
M (Proposition 4.5). With these propositions
the following corollary is immediate.
Corollary 1.2 (Corollary 4.9). Let V be an affine algebraic variety with distinct
intersections with infinity and Noether presentation (x, y). If K ⊂ V is a compact
set then
dcm(K) = dbbν (K).
The work of Berman-Boucksom uses a slightly different definition to what has
been standard. The relation between the two is a constant depending only on the
dimension of the variety.
Corollary 1.3 (Corollary 5.4). Let V be an algebraic variety, K ⊂ V a compact
set, and ν a probability measure on V. If Sk is an orthonormal basis for Ck[V ] then
M + 1
M
log dbbν (K) = lim
k→∞
1
kNk
log ‖V DM [Sk]‖L∞(K).
The limit on the right hand side is the original formulation of Berman-Boucksom.
The paper is structured as follows: Section 2 is a brief overview of the necessary
preliminary information for this paper, Section 3 contains the proof of the main
technical theorem in the paper, Section 4 utilises our main theorem to relate dcm(K)
and dbbν (K), Section 5 shows how d
bb
ν (K) is related to the original formulation of
Berman-Boucksom, and Section 6 is a worked example illustrating the equality.
1.1. Notation. Let V be an affine algebraic variety of pure dimension M . We
employ the following notational conventions.
• Z≥0 is the set of nonnegative integers, and ZM≥0 is the set of M -tuples of
nonnegative integers.
• If a polynomial ordering is not stated, it is assumed that the ordering used
is grevlex. Precisely, if α, β ∈ ZN≥0 then α ≻grevlex β if
(i) |α| > |β|, or;
(ii) |α| = |β| and αN−j > βN−j for the first index j ∈ Z≥0 for which
αN−j 6= βN−j .
• I(V) denotes the ideal generated by V . If p1, ..., ps is a collection of poly-
nomials then V(p1, ..., ps) is the variety defined by the common zero set of
p1, ..., ps.
• Given a polynomial p and a monomial ordering, lt(p) is the term of the
polynomial with maximum degree with respect to this ordering. The ideal
〈lt(I(V))〉 is the ideal generated by the terms
lt(I(V)) = {czα : these exists p ∈ I(V) such that lt(p) = czα, α ∈ ZN}.
• Consider the ring of equivalence classes C[z]/I(V) and choose some mono-
mial ordering. A canonical representative from an equivalence class [p] is
the unique element q such that no term of q lies in 〈lt(I(V))〉, we call such
an element a normal form (Definition 2.5). C[V ] is the set of all normal
forms on V and we call this set the polynomials on V .
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• C=k[V ] are the polynomials in C[V ] of degree exactly k, and Ck[V ] are the
polynomials in C[V ] of degree at most k.
• N=k is the number of monomials in C=k[V ] and Nk the number of mono-
mials in Ck[V ]. Equivalently, N=k = dim(C=k[V ]) and Nk = dim(Ck[V ]).
• lk =
∑k
j=1 jN=j , i.e. is the sum of the degrees of the monomials of degree
at most k.
• Nx=k is the number of monomials in Ck[x], and Nxk and lxk are defined
similarly.
• M[x] denotes the usual monomial basis for C[x], x ∈ CM , and M[V ] de-
notes the usual monomial basis for C[V ]. Mk[x] andMk[V ] are the elements
in M[x] and M[V ] respectively of degree at most k.
• If A is a collection of multi-indices in Zs≥0 and C[V ] =
⊕
α∈A y
αC[x] then
a = maxα∈A |α| and n = |A| where |α| = α1 + ...+ αs.
• The operator ddc = ipi∂∂¯.
2. Preliminaries
2.1. Transfinite Diameter. Consider an affine algebraic variety V of pure dimen-
sion M . Let C be a polynomial basis for C[V ] and suppose that Ck are the elements
of C of degree at most k. We say that C is a graded basis if Ck is a basis for Ck[V ]
for each k. Suppose that C is a graded polynomial basis and let {ei(z)}ski=1 be the
elements in Ck. We use the notation
V DMζ1,...,ζsk [Ck] = det


e1(ζ1) e1(ζ2) ... e1(ζsk)
e2(ζ1) e2(ζ2) ... e2(ζsk)
...
...
. . .
...
esk(ζ1) esk(ζ2) ... esk(ζsk )


and if K ⊂ V is a compact set,
‖V DM [Ck]‖L∞(K) = max
ζ1,...,ζsk∈K
∣∣∣V DMζ1,...,ζsk [Ck]
∣∣∣ .
We occasionally write V DMζ1,...,ζsk [Ck] = V DM [Ck] when the points ζ1, ..., ζsk are
irrelevant within the context. The transfinite diameter of K (with respect to the
basis C) is the limit
dC(K) = lim
k→∞
(‖V DM [Ck]‖L∞(K))1/lk ,
if the limit exists. The transfinite diameter was introduced by Fekete-Szego¨ for
K ⊂ C as early as the 1920’s and a comprehensive study of this and associated
results can be found in [11]. It is a result of Zakharjuta [14] that the above limit
exists when V = CN and C is the ordinary monomial basis.
2.2. Cox-ma‘u Transfinite Diameter. The approach of Cox-ma‘u [4,10] is mo-
tivated by classical methods i.e. those of Zakharjuta [14]. Essential to this work
is the creation of polynomials which have a sub-multiplicative property for which
techniques of Zakharjuta can be used on to show the convergence of the transfinite
diameter limit.
Definition 2.1. Let z = (x, y) where x ∈ CM , y ∈ CN−M and V be an affine
algebraic variety. We say that C[x] is a Noether normalisation for C[V ] if the
following conditions are met.
(i) C[x] ∩ I(V) = {0}.
(ii) C[V ] is finite over C[x].
(iii) For each 1 ≤ i ≤ N −M , there is a gi ∈ I(V) and mi ∈ Z≥0 such that
lt(gi) = y
mi
i .
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Given an algebraic variety V , Theorem 2.1 [4] guarantees that one can always
find a complex linear change of coordinates so that the three properties in Definition
2.1 hold. The condition (iii) is not usually assumed for a Noether normalisation as
it is a consequence when using the lex monomial ordering. Since the motivating
monomial ordering for the work of Cox-ma‘u is the grevlex ordering we make this
condition a requirement.
Definition 2.2. Let V ⊂ CN be an M dimensional affine algebraic variety of
pure dimension M with d sheets and affine coordinates (x, y), x ∈ CM , y ∈ CN−M .
We say that V has distinct intersections with infinity if it satisfies the following
properties.
(i) C[x] is a Noether normalisation for C[V ].
(ii) If P = V(t, x1, ..., xM−1) ⊂ PN and
VP = {[t : x : y] ∈ PN : tdeg pp
(x
t
,
y
t
)
= 0, ∀p ∈ I(V)}
where x = (x1, ..., xM ) and y = (y1, ..., yN−M ). Then P ∩ VP consists of d
points λ1, ..., λd.
(iii) If λi = [0 : ... : 0 : λixM : λiy1 ... : λiyN−M ] then λixM 6= 0 for each i.
Example 2.3. Consider V = V(x2−y2−1) which is a 1 dimensional affine algebraic
variety with two sheets. Since y2 = x2 − 1 it follows that
C[V ] = yC[x] + C[x]
so C[x] is a Noether normalisation for C[V ]. VP = V(x2 − y2 − t2) so
P ∩ VP = {[t : x : y] ∈ P2 : t = 0, x2 − y2 = 0} = {{[0 : 1 : 1], [0 : 1 : −1]}.
It follows that V has distinct intersections with infinity.
Example 2.4. Consider V = V((x+ y)2 + x+ y− 1) which is a 1 dimensional affine
algebraic variety with two sheets. Then
C[V ] = yC[x] + C[x]
is a Noether normalisation for C[V ]. VP = V((x + y)2 + tx+ ty − t2) so
P ∩ VP = {[t : x : y] ⊂ P2 : t = 0, (x+ y)2 = 0} = {[0 : 1 : −1]}.
It follows that V does not have distinct intersections with infinity.
Definition 2.5. Fix a monomial ordering on C[V ]. If p ∈ C[V ] then the normal
form of p, denoted [p], is the unique polynomial representative in C[z]/I(V) which
contains no monomials in the ideal 〈lt(I(V))〉.∗ If p, q ∈ C[V ] then we define
p ∗ q := [pq].
In [4] it was shown that under the mild geometric condition of distinct intersec-
tions with infinity that one can show the convergence of the transfinite diameter
limit for algebraic varieties in an analogous way to CM . Their main results are
summarised in the following two results.
Lemma 2.6 (Corollary 2.6, Lemma 2.7-2.10, Proposition 2.11, [4]). Suppose that
V is a pure M -dimensional affine algebraic variety with distinct intersections with
infinity. For some t ∈ N sufficiently large there are polynomials v1, ...vd ∈ C=t[V ]
satisfying the following properties.
(i) vi ∗ vi = x2tM +
∑M−1
k=1 xkhk + h0 with deg(hk) ≤ 2t − 1 for each k =
0, ...,M − 1.
(ii) vi ∗ vj =
∑M−1
k=1 xkqk + q0 if i 6= j with deg(qk) ≤ 2t− 1 for each k.
∗See [4, page 4] for details.
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(iii) C[V ] is spanned by
(⋆) xβxlM ∗ yα, β ∈ ZM−1≥0 , xlMyα ∈ A.
(⋆⋆) xβxlM ∗ vi, β ∈ ZM−1≥0 , l ≥ 0, i = 1, ..., d.
where A = {xlMyα 6∈ 〈lt(I(V))〉 : l + |α| ≤ t− 1}.
Remark 2.7. In Lemma 4.1 we will prove that consideration of the normal forms
in property (iii) of the previous lemma is unnecessary. As a consequence of this
we can interpret the previous lemma as giving us a decomposition of C[V ] in the
following way
C[V ] =
⊕
xl
M
yα∈A
xlMy
α
C[x1, ..., xM−1]
⊕
1≤i≤d
viC[x1, ..., xM ]
where the vi’s have convenient algebraic properties. As a result of this the collection
of (⋆) and (⋆⋆) elements act like a monomial basis for C[V ] and this idea is utilised
in the following theorem. Also note that A contains all monomials in C[V ] in the
variables xM , y1, ..., yN−M of degree at most t− 1.
Definition 2.8. The elements from Lemma 2.6 will be called a cm-basis for C[V ].
Theorem 2.9 (Theorem 5.2, [4]). Let V be an affine algebraic variety with distinct
intersections with infinity and K a compact subset of V. If C is a cm-basis for C[V ]
ordered by any graded ordering† then the limit
dcm(K) = lim
k→∞
(‖V DM [Ck]‖L∞(K))1/lk
exists.
2.3. Berman-Boucksom Transfinite Diameter. As part of their breakthrough
study of pluripotential on complex manifolds, Berman-Boucksom ([1–3]) showed
that a transfinite diameter with respect to an orthonormal polynomial basis existed.
The result we are interested in is rephrased in our context below.
Theorem 2.10 (Corollary A, [2]). Suppose that V is an affine algebraic variety of
pure dimension M and E ⊂ V a compact set. Let ν be a probability measure on K.
Let Sk be an L
2(ν)-orthonormal basis for Ck[V ]. Then for every subset K ⊂ V the
limit
log dbbν (K) = lim
k→∞
1
lk
log ‖V DM [Sk]‖L∞(K)
exists.
The original statement has 1lk replaced with
1
kNk
. Relating these two formu-
lations is purely combinatoric and the relation is clarified in Section 5. For our
main theorem we need to find a particular probability measure ν which satisfies the
hypothesis of Theorem 2.10.
Definition 2.11. Let V be a pure M -dimensional affine algebraic variety. We say
(x, y) ∈ CM × CN−M is a Noether presentation for V if the following conditions
are satisfied.
(i) C[x] is a Noether normalisation for C[V ].
(ii) There is a constant C such that ‖y‖ ≤ C(1 + ‖x‖) for all (x, y) ∈ V.
†A graded ordering is an ordering where the elements are ordered by total degree before any other
ordering. In Cox-ma‘u [4] a specific graded ordering is constructed for the proof, but their result
holds for any graded ordering.
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Coordinates of this type were introduced in [6] and studied further in [7]. Coor-
dinates satisfying only the second condition have been considered by other authors
including Rudin [12] and Zeriahi [15]. Such coordinates can always be constructed
and explicit methods of construction are given in [6, Theorem 2.21] or [7, Proposi-
tion 1.9]. They are coordinates for which studying pluripotential theory on affine
algebraic varieties in particularly convenient. An important observation is that,
with respect to these coordinates, the variety is locally bounded in the y variables
i.e. ‖y‖ → ∞ if and only if ‖x‖ → ∞.
Let log+ |z| = max{log |z|, 0} for all z ∈ V . Recall the Lelong class of plurisubhar-
monic (psh) functions,
L+(V) = {u ∈ PSH(V) : log+ ‖z‖+ a ≤ u(z) ≤ log+ ‖z‖+ b, for some a, b ∈ R}.
Noether presentations allow for the following calculation of mass result.
Proposition 2.12 (Theorem 2.27 [6], Theorem 3.6 [7]). Suppose that V is a
pure M -dimensional affine algebraic variety with d sheets. If u ∈ L+(V) then∫
V(dd
cu)M = d.
Given a Noether presentation for an affine algebraic variety V let TV = {(x, y) ∈
V : |xj | ≤ 1}. By the previous remark about the local boundedness of V , it follows
that TV is compact. Recall that the logarithmic extremal function associated to a
compact set K is defined by
VK(z) := sup{u(z) : u ∈ L+(V), u|K ≤ 0}.
Lemma 2.13. Suppose that V is a pureM -dimensional affine algebraic variety with
d sheets and suppose we have a Noether presentation (x, y). Let ν = (ddcVTV )
M/d
with respect to these coordinates, then ν is a probability measure on V.
Proof. Consider v(x, y) = max{log+ |x1|, ..., log+ |xM |}. Clearly v(x, y) ≤ 0 on TV
so v(x, y) ≤ VTV . But v(x, y) is maximal outside of TV and so any u ∈ L+(V) with
u ≤ VTV also satisfies u ≤ v(x, y). It follows that v = VTV so VTV ∈ L+(V) and the
first claim follows from Proposition 2.12. 
Definition 2.14. Suppose that V is a pure M -dimensional affine algebraic va-
riety with d sheets and suppose we have a Noether presentation (x, y). Let ν =
(ddcVTV )
M/d with respect to these coordinates. We say that the basis B that arises
from performing Gram-Schmidt on M[V ] with respect to the L2(ν)-norm is a bb-
basis for C[V ].
3. Relations between General Transfinite Diameters
The following definition is motivated by the notion of a ring being finite over a
subring. We want the same kind of structure but for a basis of the ring and subring.
Definition 3.1. Let S[z] be a polynomial ring and B ⊂ S[z] some subset. We say
that E is a core for B if there is a pair (A, t) where A ⊂ S[z] is a finite set and
t ∈ Z≥0 such that
{b ∈ B : deg(b) ≥ t} = {ae : e ∈ E, a ∈ A}
and E is closed under multiplication.
The following examples are fundamental.
Example 3.2. Suppose that V = V(y2 − x2 − 1). Then C[x] is a Noether normal-
isation for C[V ]. The monomials in C[V ] are given by {xn, xny : n ∈ Z≥0}. Then
M[x] is a core for M[V ] where t = 0 and the finite set is A = {1, y}.
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Example 3.3. Suppose that V = V(y2 − x2 − 1). The v polynomials from Lemma
2.6 are given by
v1(x, y) =
1√
2
(y + x), v2(x, y) =
1√
2
(y − x).
Then the set {1, xnv1(x, y), xnv2(x, y) : n ∈ Z≥0} has M[x] as a core where t = 1
and the finite set is A = {v1, v2}.
Example 3.4. Suppose that V = V(y2−x22−x21−1). Then the vi polynomials from
Lemma 2.6 are given by
v1(x1, x2, y) =
1√
2
(y + x2), v2(x1, x2, y) =
1√
2
(y − x2).
Then the corresponding spanning set from this Lemma is the set
{xn1 , xn1xm2 v1, xn1xm2 v2 : n,m ∈ Z≥0}.
This set does not have a core. The first family of elements implies that a core
could be M[x1], however with this choice it is impossible to find an associated
finite set since every element of M[x2] is in the set. Similarly, M[x1, x2] cannot be
a core since the corresponding finite set must be {1, v1, v2} which would imply that
1 ·M[x2] belongs to the set which is not true.
Definition 3.5. Let S[z] be a polynomial ring. Suppose that B and C are subsets
of S[z]. We say that B and C are compliant if there is a set E which is a core for
B − C and C − B. If in addition B and C are bases for S[z] then we say that B and
C are compliant bases.
Example 3.6. Let B be the basis from Example 3.2 and C the spanning set from
Example 3.3. Then
C − B = {xnv1(x, y), xnv2(x, y) : n ∈ Z≥0},
and
B − C = {x · xn, yxn : n ∈ Z≥0}.
Then B and C are compliant with core M[x]. The finite set A for C − B is {v1, v2}
while the finite set for B − C is {x, y} and t ≥ 1 for both.
Example 3.7. Now consider V = V(y2 − x22− x21 − 1) and let C be the spanning set
from Example 3.4 and let B be M[V ] i.e. {1, xn1xm2 , yxn1xm2 : n,m ∈ Z≥0}. Then
C − B = {xn1xm2 v1, xn1xm2 v2 : n,m ∈ Z≥0},
and
B − C = {x2 · xn1xm2 , yxn1xm2 : n,m ∈ Z≥0}.
Then B and C are compliant with core given by M[x1, x2]. The finite set A for
C − B is {v1, v2} while the finite set for B − C is {x2, y} and t ≥ 1 for both.
Example 3.8. For an example of bases which are not compliant, let B be the mono-
mials {zn : n ∈ Z≥0, z ∈ C}. Let C be the scaled monomials under the transfor-
mation z 7→ rz, i.e. C = {(rz)n : n ∈ Z≥0, z ∈ C}. Then B − C = B and B has
core given by B, while C − B = C and C has core given by C. Since these cores are
different it follows that B and C are not compliant.
The following structural lemma is formally obvious, but will be useful when
dealing with specific examples.
Lemma 3.9. Let S[z] be a polynomial ring. Suppose that B and C are bases for
S[z] with each with core E. Then B and C are compliant bases for S[z].
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Proof. Suppose that t is sufficiently large so that
{b ∈ B : deg(b) ≥ t} = {ae : e ∈ E, a ∈ AB}
{c ∈ C : deg(c) ≥ t} = {ae : e ∈ E, a ∈ AC}.
Any element in B − C of degree ≥ t (resp. C − B) has the form ae, a ∈ AB (resp.
ae, a ∈ AC). It follows that B−C has core E and C −B has core E as required. 
Before proving our main result we need the following counting lemma.
Lemma 3.10. Let V be an affine algebraic variety of pure dimension M . Then
lim
k→∞
Nk
lk
= 0.
Proof. Since Nk and lk are preserved under linear transformations, we may assume
that C[x], x ∈ CM is a Noether normalisation for C[V ] We will utilise the following
well known calculations (e.g. [8, page 36]) to derive the result;
lxk =
Mk
M + 1
Nxk ,
and so
lim
k→∞
Nxk
lxk
= lim
k→∞
M + 1
Mk
= 0.
Since C[x] is a Noether normalisation for C[V ], there exists finitely many elements
fj ∈ C[V ] such that C[V ] =
⊕
j∈J fjC[x]. If n = |J | then
Nk = dim(Ck[V ]) = dim

⊕
j∈J
fjCk−deg(fj)[x]

 ≤ n dim(C[x]) = nNxk .
Next, clearly Nxk ≤ Nk so it follows that lxk ≤ lk. With these calculations we can
estimate
lim
k→∞
Nk
lk
≤ lim
k→∞
nNxk
lxk
= 0
as desired. 
The following theorem is the main result of this section. It shows that two
bases being compliant is a sufficient condition for their corresponding transfinite
diameters to be equal.
Theorem 3.11. Let V be an affine algebraic variety of pure dimension M , K ⊂ V
a compact set, and suppose that B and C are compliant graded bases for C[V ]. If
the limit
log dC(K) = lim
k→∞
1
lk
log ‖V DM [Ck]‖L∞(K)
exists, then
log dB(K) = lim
k→∞
1
lk
log ‖V DM [Bk]‖L∞(K)
exists. Moreover, dB(K) = dC(K).
The strategy is to prove Theorem 3.11 is to transform V DM [B] into V DM [C]
then measure the impact the scale factor has on the determinant calculation. If the
growth of that scale factor is sufficiently slow then it will decay to 1 in the limit
giving the result.
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Proof. We first study the row operations needed to transform a row of V DM [Bk]
into a row of V DM [Ck]. Let E be the common core of B − C and C − B. Let C be
the associated finite subset of C −B (with respect to E), and let B be the finite set
associated to B − C (with respect to E). For each ci ∈ C there is a (finite) linear
combination of eijbij ∈ B such that
ci =
∑
j
aijeijbij , aij ∈ C\{0}.
Multiplying through by some e ∈ E we obtain
cie =

∑
j
aijeijbij

 e =∑
j
aij (eijbije) , aij ∈ C\{0}.
These linear combinations tell us the row operations necessary to transform a row
in V DM [Bk] to a row in V DM [Ck]. Precisely,
• to make a row of ci entries we add aij times the eijbij row,
• to make a row of cie entries we add aij times the eijbije row.
Let I be the set of double-indices {(i, j) : aij 6= 0} appearing in these calcula-
tions. From linear algebra we know that the only row operation which scales the
absolute value of the determinant is multiplication of a row by a constant. The
multiplications that are needed to transform V DM [Bk] into V DM [Ck] must come
from the set {aij : ij ∈ I}. To this end, let m = min{|aij | : (i, j) ∈ I} and
M = max{|aij | : (i, j) ∈ I}. Now we can estimate
mNk‖V DM [Ck]‖L∞(K) ≤ ‖V DM [Bk]‖L∞(K) ≤MNk‖V DM [Ck]‖L∞(K)
where the factor Nk is the number of rows in the matrices. Taking 1/lk roots, the
log of everything, and the limit as k→∞ we conclude, using Lemma 3.10, that
lim
k→∞
1
lk
log ‖V DM [Ck]‖L∞(K) = lim
k→∞
Nk
lk
logm+
1
lk
log ‖V DM [Ck]‖L∞(K)
≤ lim
k→∞
‖V DM [Bk]‖L∞(K)
≤ lim
k→∞
Nk
lk
logM +
1
lk
log ‖V DM [Ck]‖L∞(K)
= lim
k→∞
1
lk
log ‖V DM [Ck]‖L∞(K).

Remark 3.12. Adapting this proof to more general settings is possible if an analo-
gous version of Lemma 3.10 is available in this setting.
4. Relation between dcm(K) and dbb(K)
Theorem 3.11 provides a useful test to determine whether transfinite diameters
with respect to two bases are equivalent. Our strategy to show that dcm(K) and
dbb(K) are equivalent is to show that the cm-basis and bb-basis are compliant with
M[V ] and hence equivalent. It would be possible to show that the cm-basis and
bb-basis are compliant directly but the working necessary lends itself naturally to
a comparison to M[V ].
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4.1. cm-Basis is Compliant withM[V ]. We begin with a lemma which justifies
the claim about the normal form asserted in Remark 2.7
Lemma 4.1. Let V be an affine algebraic variety of pure dimension M . Suppose
that C[x] is a Noether normalisation for C[V ]. If there is some p ∈ I(V) with
lt(p) = xβyα then there is some q ∈ I(V ) with lt(q) = yα. In particular if
yα ∈ C[V ] then xβ ∗ yα = xβyα and we have the decomposition
C[V ] =
⊕
α∈A
yαC[x]
for some finite collection of multi-indices A.
Proof. By hypothesis there exists gi ∈ I(V) and mi ∈ Z≥0 such that lt(gi) =
ymii . Without loss of generality assume that mi is minimal for each i. Since
lt(gi) 6= lt(gj) for i 6= j it is clear that the set {g1, ..., gN−M} is linearly in-
dependent, it follows that dim(V(g1, ..., gN−M )) = M . Since each gi ∈ I(V) it
follows that V ⊂ V(g1, ..., gN−M ). Suppose that f ∈ I(V) and f 6∈ 〈g1, ..., gN−M 〉.
Then dim(V(g1, ..., gN−M , f)) = M − 1 and V ⊂ V(g1, ..., gN−M , f) but dim(V) =
M , a contradiction, which implies that there is no element f . It follows that
I(V) ⊂ 〈g1, ..., gN−M 〉 which implies that V(g1, ..., gN−M ) ⊂ V and hence V =
V(g1, ..., gN−M ).
From this result the claims in the lemma follow. Since p ∈ I(V) we can write
p =
∑
figi and lt(p) = lt(
∑
figi) and the first claim follows. If y
α ∈ C[V ] then
lt(gi) does not divide y
α for any i, and since the normal form calculation relies on
polynomial division, it follows that xβ ∗ yα = xβyα. The decomposition of C[V ] is
immediate with this last result. 
Remark 4.2. This property is not true for C[V ] in general. Consider V = (z2+y2−
xy + x + 1, z2 + y2 + y + 2) ⊂ C3. Then x, y ∈ C[V ] but x ∗ y = y − x + 1. In the
situation of Lemma 4.1 we have xy−y+x−1 ∈ I(V) and it is clear by construction
that there is no q ∈ I(V) such that lt(q) = y since y ∈ C[V ]. This is also evident
from the decomposition
C[V ] = C[x]⊕ C[y]⊕ zC[x]⊕ zC[y].
Proposition 4.3. Let V be an affine algebraic variety with distinct intersections
with infinity, C[x] a Noether normalisation for C[V ] and C the corresponding cm-
basis ordered by any graded ordering. Then C and M[V ] are compliant bases for
C[V ].
Proof. By Lemma 2.6 it is easy to see that
C −M[V ] = {xβvi : β ∈ ZM≥0, i = 1, ..., d},
M[V ]− C = {xβxlMyα : β ∈ ZM≥0, xlMyα ∈M[z], l+ |α| = t}.
By Lemma 4.1 these elements are in normal form. It is easy to see that common
core for these sets is M[x] = {xβ : β ∈ ZM≥0} and that the finite sets are C = {vi :
i = 1, ..., d} and B = {xlMyα : l + |α| = t}. 
Corollary 4.4. Let V be an affine algebraic variety with distinct intersections with
infinity, K ⊂ V a compact set, and C[x] a Noether normalisation for C[V ]. Then
dcm(K) = dM[V](K).
Proof. By Proposition 4.3, any cm-basis is compliant with M[V ]. The result now
follows from Theorem 3.11. 
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4.2. bb-Basis is Compliant withM[V ]. We will show thatM[V ] and a bb-basis
are compliant with coreM[x]. Before we can do this we need to study the structure
of a bb-basis.
Proposition 4.5. Suppose that V is a pure M -dimensional affine algebraic va-
riety with d sheets and suppose we have a Noether presentation (x, y). Let ν =
(ddcVTV )
M/d with respect to these coordinates. Then the monomials M[x] are
L2(ν)-orthonormal.
Proof. Observe that for any α ∈ ZM≥0∫
V
xαxα (ddcVTV )
M =
∫
∂TV
xαxαdµ
=
1
d
d∑
i=1
∫
|x1|=...=|xM |=1
|x1|α1 ...|xM |αM dµ =
∫
1 dµ = 1,
where µ is the normalised Lebesgue measure on {|x1| = ... = |xM | = 1}. Note
we have used the standard fact that (ddcmax{log+ |x1|, ..., log+ |xM |)M is the nor-
malised current of integration on {|x1| = ... = |xM | = 1}. Similarly, if α, β ∈ ZM≥0
with α 6= β then at least one of αj − βj 6= 0, without loss of generality assume that
this is the case for α1 − β1. It is standard that in this case∫ 2pi
0
eiθ(α1−β1) dθ = 0.
Using Fubini’s theorem and the fact about (ddcmax{log+ |x1|, ..., log+ |xM |)M , we
calculate that∫
V
xαxβ (ddcVTV )
M =
∫
∂TV
xαxβdν =
1
d
d∑
i=1
∫
|x1|=...=|xM |=1
xαxβdµ
=
∫ 2pi
θ1=0
...
∫ 2pi
θM=0
eiθ1(α1−β1) · ... · eiθM(αM−βM ) dθM ...dθ1
=
∫ 2pi
θ1=0
eiθ1(α1−β1) dθ1︸ ︷︷ ︸
=0
· ... ·
∫ 2pi
θM=0
eiθM(αM−βM) dθM
= 0
which proves the claim. 
Proposition 4.6. Let V be an affine algebraic variety of pure dimension M with
Noether presentation (x, y) and probability measure ν = (ddcVTV )
M/d. Suppose
that
C[V ] =
⊕
α∈A
yαC[x].
Let BA be the elements of {yα : α ∈ A} after Gram-Schmidt with respect to L2(ν).
Then a bb-basis B for C[V ] is given by
B = {xβfj : xβ ∈ M[x], fj ∈ BA},
i.e. M[x] is a core for B.
Proof. There are two things to check; that B is an orthonormal set and that it is a
spanning set for C[V ]. The normalisation condition can be checked by calculating
directly that
〈xβfj , xβfj〉L2(ν) =
(∫
TV
|x|2β |fj|2 dν
) 1
2
=
(∫
TV
|fj|2 dν
) 1
2
= 1.
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The second equality follows from by Proposition 4.5, while the last equality follows
from the definition of fj. The orthogonality of the set can also be checked by
calculation in the following way. First consider xβfj and x
αfi with i 6= j (we allow
the possibility that α = β.) Since each |xk| = 1 on TV we can estimate
|〈xβfj, xγfi〉L2(ν)| =
∣∣∣∣
∫
TV
xβxγfjfi dν
∣∣∣∣
1
2
≤
∣∣∣∣
∫
TV
fjfi dν
∣∣∣∣
1
2
= 0.
And it follows that xβfj and x
γfi are orthogonal. Now suppose that i = j and
α 6= β. Since TV is compact, each |fj | is bounded by some constantM independent
of j. Then we estimate
|〈xβfj , xγfj〉L2(ν)| =
∣∣∣∣
∫
TV
xβxγ |fj |2 dν
∣∣∣∣
1
2
≤M
∣∣∣∣
∫
TV
xβxγ dν
∣∣∣∣
1
2
= 0,
by Proposition 4.5. This shows that the set is orthonormal.
To show that B is a basis for C[V ] observe that |BA| = |A| and that the elements
of BA are linearly independent. It follows that for any k ≥ a = max{|α|} that
dim(Ck[V ]) = dim{xβfj : deg(xβfj) ≤ k, xβ ∈M[x], fj ∈ BA}).
Since the elements of BA are linear combinations of elements from C[V ], the above
equality in dimensions implies that span{b ∈ B} = C[V ] as required. 
Proposition 4.7. Let V be an affine algebraic variety of pure dimension M with
Noether presentation (x, y). Let B be the elements of a bb-basis for V. Then B and
M[V ] are compliant bases for C[V ].
Proof. From Propositions 4.5 and 4.6 we conclude that the elements which are
not L2(ν)-orthonormal in M[V ] are {xβyα : α ∈ A,α 6= 0, β ∈ ZM≥0}. Again by
Proposition 4.6 it is sufficient to study the orthonormalisations of the yα alone.
To this end, write [yα]ν to be the corresponding orthonormal elements (i.e. those
obtained by using the Gram-Schmidt algorithm on M[V ]). Let
BA = {[yα]ν : α ∈ A}.
We make the following structural observations
B = {xβfj : fj ∈ BA, β ∈ ZM≥0}
M[V ] = {xβyα : α ∈ A, β ∈ ZM≥0}.
Clearly both B and M[V ] have core M[x] and so by Lemma 3.9 B and M[V ] are
compliant. 
Corollary 4.8. Let V be an affine algebraic variety of pure dimension M with
Noether presentation (x, y) and K ⊂ V a compact set. Then if B is a bb-basis for
V we have
dbbν (K) = d
M[V](K).
Proof. By Proposition 4.3, a bb-basis is compliant with M[V ]. The result now
follows from Theorem 3.11. 
Corollary 4.9. Let V be an affine algebraic variety of pure dimension M with
distinct intersections with infinity and Noether presentation (x, y). If K ⊂ V is a
compact set then
dcm(K) = dbbν (K).
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5. Adaption to the Original Statement of Berman-Boucksom
The original statement of Berman-Boucksom had the definition of the transfinite
diameter being
(1) lim
k→∞
1
kNk
log ‖V DM [Sk]‖L∞(K).
This statement is more convenient in their setting despite the unusual denominator.
To relate equation (1) to Corollary 4.9 it is simply a matter of comparing the growth
of kNk and lk. The estimate we need to derive is not immediately obvious so we
consider the following example to motivate the derivation.
Example 5.1. Suppose that (x, y) ∈ CM×C2, A = {(0, 0), (1, 0), (0, 1), (2, 0), (1, 1), (0, 2)},
and C[V ] =⊕α∈A yαC[x] then we can count the elements in Nk via the following
table
Terms of degree deg 0 deg 1 deg 2 deg 3 deg 4 ... deg k
Terms of the form 1×M[x] Nx=0 Nx=1 Nx=2 Nx=3 Nx4 ... Nx=k
Terms of the form y(1,0) ×M[x] Nx=0 Nx=1 Nx=2 Nx=3 ... Nx=k−1
Terms of the form y(0,1) ×M[x] Nx=0 Nx=1 Nx=2 Nx=3 ... Nx=k−1
Terms of the form y(2,0) ×M[x] Nx=0 Nx=1 Nx=2 ... Nx=k−2
Terms of the form y(1,1) ×M[x] Nx=0 Nx=1 Nx=2 ... Nx=k−2
Terms of the form y(0,2) ×M[x] Nx=0 Nx=1 Nx=2 ... Nx=k−2
Since Nk =
∑
j≤k N=j, observe that 6N
x
1 ≤ N3 ≤ 6Nx3 . In general we have
6Nxk−2 ≤ Nk ≤ 6Nxk where the −2 term comes from a = max{|α| : α ∈ A} and the
6 is equal to n = |A|. The following lemma formalises this observation.
Lemma 5.2. Suppose that C[V ] =⊕α∈A yαC[x]. Then
nNxk−a ≤ Nk ≤ nNxk
and
nlxk−a ≤ lk ≤ nlxk
where n = |A| and a = max{|α| : α ∈ A}.
Proof. Let Nαk be the number of monomials of degree at most k which are of the
form yαxβ where β ∈ ZM≥0. Then Nαk = Nxk−|α|. As a ≥ |α| for any α ∈ A, clearly
Nxk−a ≤ Nαk ≤ Nxk
for any α. Summing over all n possibilities for α we obtain
nNxk−a ≤ Nk ≤ nNxk
as desired. The argument for lk is identical. 
Lemma 5.3. lim
k→∞
kNk
lk
=
M + 1
M
.
Proof. If a = max{|α| : α ∈ A} and n = |A| then by Lemma 5.2
nNxk−a ≤ Nk ≤ nNxk
and
nlxa−k ≤ lk ≤ nlxk .
From these estimates and the identity lxk =
M
M+1kN
x
k it follows that
(2)
M + 1
M
Nxk−a
Nxk
=
knNxk−a
nlxk
≤ kNk
lk
≤ knN
x
k
nlxk−a
=
M + 1
M
Nxk
Nxk−a
.
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Now we compute
Nxk
Nxk−a
=
(
M + k
M
)
(
M + k − a
M
) = (M + k)!
M !k!
M !(k − a)!
(M + k − a)!
=
(M + k) · ... · (M + k − a+ 1)
k · ... · (k − a+ 1)
=
(
M
k
+ 1
)
· ... ·
(
M
k − a+ 1 + 1
)
︸ ︷︷ ︸
a multiplications
−→ 1 as k →∞.
This calculation in conjunction with the estimate (2) yields
lim
k→∞
kNk
lk
=
M + 1
M
.

Corollary 5.4.
M + 1
M
log dbbν (K) = lim
k→∞
1
kNk
log ‖V DM [Sk]‖L∞(K)
6. An Example
Let V = V(y2 − x2 − 1), by Example 2.3 this variety has distinct intersections
with infinity.
Cox-ma‘u Transfinite Diameter.
To construct the vi polynomials from Lemma 2.6 we use techniques from [10]. To
this end, up to a scale factor, v1 and v2 come from the factors of the top degree
homogeneous part of V i.e. y2−x2. We can set v1 = 1√2 (y−x) and v2 =
1√
2
(y+x).
It is easily checked that these polynomials satisfy the required conditions:
v21 =
1
2
y2 −
√
2yx+
1
2
x2 = −
√
2yx+ x2 + 1 = x2 −
√
2(v1 + v2)x+
1
2
v22 =
1
2
y2 +
√
2yx+
1
2
x2 =
√
2yx+ x2 + 1 = x2 +
√
2(v1 + v2)x+
1
2
v1v2 =
1
2
(y2 − x2) = 1
2
.
The corresponding cm-basis for C[V ] is {1, xmv1, xmv2 : m ∈ Z≥0} and a typical
Vandermonde determinant takes the form
V DMζ1,...,ζt[Ck] = det


1 1 ... 1
v1(ζ1) v1(ζ2) ... v1(ζt)
v2(ζ1) v2(ζ2) ... v2(ζt)
ζ1x · v1(ζ1) ζ2x · v1(ζ2) ... ζtx · v1(ζt)
ζ1x · v2(ζ1) ζ2x · v2(ζ2) ... ζtx · v2(ζt)
...
...
. . .
...
ζk−11x · v2(ζ1) ζk−12x · v2(ζ2) ... ζk−1tx · v2(ζt)


where we have written ζix for the x-coordinate of ζi and t is the number of elements
in Ck. Observe that v2 + v1 = 1√2y and v2 − v1 =
1√
2
x. Thus to obtain the usual
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monomials 1, x, y, x2, xy, ... in this determinant we add rows together to obtain the
determinant
det


1 1 ... 1
1√
2
ζ1x
1√
2
ζ2x ...
1√
2
ζtx
1√
2
ζ1y
1√
2
ζ2y ...
1√
2
ζty
1√
2
ζ21x
1√
2
ζ22x ...
1√
2
ζ2tx
1√
2
ζ1xζ1y
1√
2
ζ2xζ2y ...
1√
2
ζtxζty
...
...
. . .
...
1√
2
ζk−11x ζ1y
1√
2
ζk−12x ζ2y ...
1√
2
ζk−1tx ζty


Factoring out the 1√
2
terms we obtain
(
1√
2
)t−1
det


1 1 ... 1
ζ1x ζ2x ... ζtx
ζ1y ζ2y ... ζty
ζ21x ζ
2
2x ... ζ
2
tx
ζ1xζ1y ζ2xζ2y ... ζtxζty
...
...
. . .
...
ζk−11x ζ1y ζ
k−1
2x ζ2y ... ζ
k−1
tx ζty


=
(
1√
2
)t−1
V DMζ1,...,ζt[Mk[V ]].
We can calculate that t = 2k − 1 and lk = k(2k−1)2 . Clearly limk→∞ t/lk = 0. It
then follows that
lim
k→∞
1
lk
log ‖V DM [Ck]‖L∞(K) = lim
k→∞
1
lk
log ‖V DM [Mk[V ]]‖L∞(K) −
t− 1
lk
log
√
2
= lim
k→∞
1
lk
log ‖V DM [Mk[V ]]‖L∞(K)
as expected.
Berman-Boucksom Transfinite Diameter
We have TV = {(x, y) ∈ V : |x| ≤ 1} and ν = 12ddcVTV = 12ddc log+ |x|. It is
well known that ddc log+ |x| is equal to the normalised Lebesgue measure µ on the
unit circle in the classical case (e.g. [11, Theorem 3.7.4]). Observe that V is a two
sheeted covering over x, hence the summation sign in what is to come. We perform
Gram-Schmidt on the monomials 1, x, y, x2, yx, ... with respect to ν to obtain the
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orthonormal basis S.
〈1, 1〉2L2(ν) =
∫
V
1 dν =
1
2
2∑
i=1
∫
|x|=1
1 dµ =
2
2
= 1 −→1 ∈ S
〈1, x〉2L2(ν) =
∫
V
x dν =
1
2
2∑
i=1
∫ 2pi
0
e−iθ
dθ
2π
= 0
〈x, x〉2L2(ν) =
∫
V
xx dν =
1
2
2∑
i=1
∫ 2pi
0
1
dθ
2π
= 1 −→x ∈ S
〈1, y〉2L2(ν) =
∫
V
y dν =
1
2
2∑
i=1
∫ pi
−pi
√
1 + e2iθ dθ = 0
〈x, y〉2L2(ν) =
∫
V
xy dν =
1
2
2∑
i=1
∫ pi
−pi
eiθ
√
1 + e2iθ dθ = 0
〈y, y〉2L2(ν) =
∫
V
yy dν =
1
2
2∑
i=1
∫ pi
−pi
|1 + e−2iθ| dθ = 4
π
−→
√
π
2
y ∈ S
...
Continuing in this way one obtains the orthonormal basis S = {xm,
√
pi
2 yx
m : m ∈
Z≥0}. Similar to the previous part, we can deduce that
lim
k→∞
1
lk
log ‖V DM [Sk]‖L∞(K) = lim
k→∞
1
lk
log ‖V DM [Mk[V ]]‖L∞(K) −
t− 1
lk
log
√
π
2
= lim
k→∞
1
lk
log ‖V DM [Mk[V ]]‖L∞(K)
as expected.
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